Abstract We present an algebraic structure in modules over integer rings with cardinality prime powers, which allows to define bases. With such structure, we prove a similar version for the basis extension theorem of linear algebra over fields. Moreover, we exhibit results involving the modules and their duals.
Preliminary.
Let , : Z n p r × Z n p r −→ Z p r be the symmetric bilinear form on the space Z n p r defined by
where u = (x 1 , . . . , x n ) and v = (y 1 , . . . , y n ). Let S = {v 1 , v 2 , . . . , v k } be k vectors in Z n p r . The span of S is denoted by M , i.e., M = span(S). The dual of M , denoted by M ⊥ , is given by
The vector
Let v ∈ span(v 1 , v 2 ), then v = av 1 + bv 2 with a, b ∈ Z p r . As each element of Z p r has a unique p-adic decomposition, it follows that a = a 0 + a 1 p + · · · + a r−1 p r−1 and
where a i , b i ∈ A p , for i = 0, · · · , r − 1. Thus, by (1)
Therefore,
Using again the p-adic decomposition of c = a 1 γ + b 0 ∈ Z p r and the equations (1), it follows that
where
A p-linearly independent p-generator sequence will be called a p-basis. Notice that the p-linear combinations of the elements of a p-basis(v 1 , . . . , v k ) uniquely generate the elements of the submodule M = pspan(v 1 , . . . , v k ). Otherwise, the null vector should be a non-trivial p-linear combination. Then, |M | = p k , where | · | denotes the number of elements of a set. We will define the p-dimension of this submodule as k.
Let M be a submodule of Z n p r . Consider
A generator matrix G for a submodule M with length n is said to be in standard form if, after a suitable permutation of the coordinates,
where I k denotes the k×k identidy matrix and the columns are grouped into blocks of sizes 
3 Results.
Lemma 1 Let M be a submodule of Z n p r . Then 
And those
, then a 1 u 1 + · · · + a t u t = 0 and as β ′ is p-linearly independent, it follows that a i = 0, i = 1, · · · , t, and therefore, β 1 is p-linearly independent. If
If t + 1 = k, then β 1 is already a p-basis of M . Thus, the proposition is held. If t + 1 < k, then there is v 2 ∈ M \ p-span(β 1 ). Let m 2 be the smallest integer other than r, such that p m2 v 2 ∈ p-span(β 1 ). By the same argument, β 2 = p m2−1 v 2 ∪ β 1 is a p-basis. If t + 2 = k, then β 2 is already a p-basis of M . Thus, the proposition is held.
Since k < ∞, this process is finite and we have the result. Proof. Consider N = Soc(M ) in Theorem 5.
In the next result, we present a known result for vector spaces that uses the Theorem 5 to calculate the dimension of submodules sum.
Proof. Let us suppose that W 1 ∩ W 2 = {∅} and let β = {w 1 , ..., w n } be a p-basis of W 1 ∩ W 2 . Since W 1 ∩ W 2 is a submodule of W 1 , by Theorem 5, there is a p-basis β 1 of W 1 that contains β. Thus, let β 1 = {w 1 , ..., w n , v 1 , ..., v r }. Analogously, there is a p-basis β 2 = {w 1 , ..., w n , u 1 , ..., u s } of W 2 .
Using the Theorem 1, we will prove that γ = {w 1 , ..., w n , v 1 , ..., v r , u 1 , ..., u s } is a p-basis of W 1 + W 2 . Let v ∈ W 1 + W 2 . Then v = w 1 + w 2 with w 1 ∈ W 1 and w 2 ∈ W 2 . Thus, there are α 1 ,...,α n+r and β 1 ,...,
By rearranging, we have
Notice that α i + β i may not belong to A p . Using the Theorem 1 again, there is δ i ∈ A p such that
Thus, γ is a p-generator set of W 1 + W 2 . Let us prove that γ is a p-linearly independent set. Consider the p-linear combination
Notice that −δ i and −α i may not belong to A p , but as p-span(w 1 ,...,w n ) is equal to span(w 1 ,...,w n ) and pspan(v 1 ,...,v r ) is equal to span(v 1 ,...,v n ). Then s i=1 β n+i u i ∈ W 1 ∩ W 2 . Therefore, there are λ 1 , ..., λ n ∈ A p , such that and as β 1 is a p-linearly independent set, we have δ i = 0 for 0 ≤ i ≤ n and α i = 0 for 0 ≤ i ≤ r.
In the case W 1 ∩ W 2 = ∅, β 1 and β 2 are p-bases of W 1 and W 2 , respectively. Then, β = β 1 ∪ β 2 is a p-basis of W 1 + W 2 .
